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Nonlinear spatial evolution of helical disturbances
to an axial jet
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We investigate the weakly nonlinear spatial evolution of helical disturbances of an
axisymmetrical jet which are the analogue of three-dimensional disturbances, such as
a single oblique wave (the wave vector is directed at an angle to the main flow velocity)
in plane-parallel flows. It is shown that when a supercriticality is large enough, the
perturbation amplitude 4 grows in the streamwise direction (along z) explosively:
A ~ (z,—z)7*2, though more slowly than in the case of essentially three-dimensional
disturbances in the form of a pair of oblique waves (4 ~ (z,—z)™®; Goldstein & Choi
1989). The nonlinearity needed for such a growth, is due equally to the cylindricity of
shear layer and to the spatial character of the evolution (in the temporal problem the
‘evolution’ contribution is absent). At a smaller supercriticality, the evolution equation
has a non-local (integral in z) nonlinearity, unusual for the regime of a viscous critical
layer. Scenarios of disturbance development for different levels of supercriticality are
studied, with proper account taken of viscous broadening of the flow.

1. Introduction

A considerable number of papers have recently appeared devoted to the weakly
nonlinear dynamics of disturbances in high-Reynolds-number shear flows in the
presence of a critical layer. At first the main efforts were directed toward investigation
of two-dimensional disturbances (i.e. depending only on two spatial coordinates —
along directions of unperturbed velocity (z,) and its gradient (z,)) because, on the one
hand, it is these disturbances that are most dangerous (from the viewpoint of stability
loss) in an incompressible fluid and, on the other, two-dimensional problems are much
simpler to solve. This (‘two-dimensional’) stage of theory development provided us
with some fruitful ideas and methods, as well as with some important results that are
worth at least outlining.

‘Weakly nonlinear theory at high Reynolds numbers’ means that weakly
supercritical low-amplitude perturbations in almost inviscid flows are studied. More
strictly, this means that perturbation amplitude 4, its growth rate y = |47 d4/d£| and
the inverse Reynolds number v of the unperturbed flow are small compared with unity
(here £ is the evolution variable, i.e. time ¢ or streamwise coordinate z,, depending on
the problem under consideration; all quantities are scaled by a characteristic velocity
and the half-width of flow). In view of this the spatial structure of a perturbation in the
main part of flow (out of the so-called critical layer) is reasonably well described by the
neutral mode of inviscid linear theory, whereas viscosity, supercriticality and
nonlinearity provide only small corrections to this structure, but it is these factors that
determine the form of the evolution equation
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d4
a =, ROy =0 (1.1)

which describes the amplitude development in £.

The critical layer (CL) is a thin layer containing the surface z, = z,, (the so-called
critical level) at which the phase velocity of the perturbation is equal to the flow
velocity. This surface is singular for the equation describing the neutral mode (e.g. the
Rayleigh or Taylor—Goldstein equations). For a correct description of the perturbation
structure inside the CL one should take into account viscous unsteady or nonlinear
terms of the Navier—-Stokes equations (as well as the so-called inertial terms responsible
for the structure of the neutral mode). Each of these three is negligible far from the
critical level and becomes of the same order as inertial terms only at (small) specific
distance from this level: viscous /,, unsteadyt /, or nonlinear /,, respectively, where

L=v"3 L=y, I[,=A4Y (1.2)

(near the critical level the stream function of the neutral mode yr ~ A(z,—z,,)*; « <3
in all flows that we know). The largest of scales (1.2) determines the thickness / and
the type of CL (the CL may be viscous, unsteady or nonlinear) and, corresponding to
this scale, terms in the Navier—Stokes equations which, together with inertial ones,
form the leading-order governing equation that describes the perturbation structure
inside the CL. This equation is linear in linear (viscous and unsteady) CL regimes and
nonlinear in the nonlinear CL regime. Note that only /, does not vary with variation
of A, hence the CL regime can change (and does really change!) in the process of
evolution (for more details see Churilov & Shukhman 1993).

One should distinguish between the linear/nonlinear CL (see above) and the
linear/nonlinear problem of perturbation development or, equivalently, the linear/
nonlinear in A evolution equation (1.1).} For example, we can consider the
nonlinear evolution of a perturbation in one of the linear CL regimes (which is the
subject of this paper) and even linear evolution in the nonlinear CL regime (e.g.
Maslowe 1973), but in the last case we are in fact dealing with the late stage of
nonlinear evolution (Reutov 1982).

Let us consider now the evolution of an initially very small perturbation. At the first
stage of development the evolution equation (1.1) is obviously linear, F{4) = y, 4,
amplitude 4 rises exponentially with linear growth rate y, (y, is also considered as a
measure of supercriticality), /, = v, does not depend on 4 and the CL regime is linear
— viscous (if y, < v*/®) or unsteady (if y, > »v*/®).

The ‘two-dimensional’ analysis has demonstrated that in the general case the neutral
mode is singular at the critical level and for this reason the perturbation magnitude
inside the CL§ is much greater than outside it. Because nonlinearity in (1.1) is
‘produced’ inside the CL, it is relatively strong and has already become competitive
(i.e. of the same order as y; A) in the corresponding linear CL regime (see above). Just
after becoming competitive, the nonlinearity tries to either decelerate (‘stabilizing’
nonlinearity) or accelerate (‘destabilizing’ nonlinearity) the perturbation growth. In

T We extend the terms ‘unsteady CL’ and ‘unsteady scale’, introduced initially for problems of
temporal evolution, to spatial evolution.

1 Linearity of (1.1) means that the part of F(4) nonlinear in 4 is small as compared with the linear
one, rather than absence of any nonlinearity. Note that the main nonlinearity in (1.1) is due to the
CL (for more extensive discussion see Churilov & Shukhman 1993).

§ The amplitude 1s a (global) measure of the perturbation as a whole, whereas the magnitude is its
local (at given point or in small domain) value.



Nonlinear spatial evolution of disturbances to a jet 373

the viscous CL regime stabilizing nonlinearity saturates the instability, and we have the
so-called supercritical Hopf bifurcation, whereas destabilizing nonlinearity leads to
explosive growth of the perturbation: 4 ~ (§,—£)""/2 In this case the unsteady scale /,
rises with 4, then becomes greater than /, and the viscous CL regime is replaced by the
unsteady CL regime. Most surprising is the fact that in the unsteady CL regime both
types of nonlinearity — stabilizing as well as destabilizing — lead to explosive evolution:

A~ (E—H7me (1.3)

(for discussion see Churilov & Shukhman 1988). Note that amplitude growth in this
case is so fast that the unsteady scale /, remains the largest up to 4 ~ O(1) where the
weakly nonlinear analysis becomes invalid.

There are, however, some flows (e.g. free shear flow of an incompressible non-
stratified fluid) in which the neutral mode is regular at the critical level (x = 0) and,
therefore, the perturbation magnitude inside the CL is not as large. Hence, in such a
flow the nonlinearity in the evolution equation (1.1) is much weaker than in flows with
singular neutral modes and turns out to be non-competitive in linear CL regimes (at
least for y, > »*/®). An unstable perturbation in this case rises exponentially up to a
certain amplitude (the so-called boundary of the nonlinear CL regime) at which the
nonlinear scale /,, becomes of the same order as the corresponding linear one, and then
continues to rise slowly in a power-like manner, 4 ~ £2® (Huerre & Scott 1980;
Churilov & Shukhman 1987; Goldstein & Hultgren 1988). For a more extensive
discussion of ‘two-dimensional’ theory see Churilov & Shukhman (1993).

In 1989 Goldstein & Choi considered the spatial evolution of a three-dimensional
disturbance in the form of a pair of oblique waves of equal amplitude in a free shear
flow and have shown that amplitude A increases downstream in an explosive manner,
A~ (§—§7% while a two-dimensional (stream-aligned) wave in the same flow
increases, as we know, much slower, 4 ~ £%/® (see above). Recently the same result for
the temporal evolution was obtained by Wu, Lee & Cowley (1993). In view of this,
three-dimensional perturbations can play a more important role in shear flow
dynamics and now most investigations in this area are devoted to three-dimensional
perturbations.

The reason for such a dramatic difference in the behaviour of two- and three-
dimensional disturbances at the nonlinear stage is the much stronger nonlinearity of
the evolution equation (1.1) due to the singularity of the three-dimensional neutral
mode at the critical level, in contrast with two-dimensional one. Namely, V| ~ k%
A(zy—2,)7", V) ~ kk, A(z,—z,,)7", where V},kand V,k, are streamwise and spanwise
components of the perturbed velocity and wave vector, respectively; see also comment
in parenthesis after formula (1.2). In what follows, we shall refer to this stronger
nonlinearity as an oblique nonlinearity.

Let us, however, pay attention to the fact that the question of oblique nonlinearity
is not so simple. At the first sight, a shear flow is a highly anisotropic system (two
directions, z, and z,, are fixed by the velocity and its gradient), and the development
of every wave with k£, + 0 (or, more generally, depending on spanwise coordinate z,)
seems to be described by an evolution equation with oblique nonlinearity due to the
singularity of ¥, and V), at the critical level. But it is easy to demonstrate that the
evolution of a two-dimensional obligue disturbance of the form

f=f(s,2,,1), s=z,cosf+z,sinf (1.9

(in a linear approximation f = 4¢(z,) exp (igs—iw?) with 4 being a function of ¢ or s)
in a flow with unperturbed velocity ¥,(z,) is the same as the evolution of a stream-
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aligned (k, = 0) two-dimensional disturbance in the flow V(z,)cos §. In other words,
we can rotate the coordinate system in the (z,, z;)-plane through the angle # so that the
new z, axis is along the wave vector k, and see that the component of velocity normal
to the k (while being singular) does not influence other components.t The result
obtained (note that it is valid for the complete nonlinear system of Navier-Stokes
equations) forms the basis for the Squire theorem, well-known in linear theory; in what
follows, when referring to this result and its consequences, we will speak of the Squire
theorem, realizing, however, that it is not strictly this theorem.

Therefore, to have an oblique nonlinearity in the evolution equation one should to
consider disturbances that are really three-dimensional. In order to reveal the role of
the three-dimensionality, Goldstein & Choi (1989), and subsequently Wu et al. (1993),
considered a disturbance not in the form of a single oblique wave but in the form of
a pair of oblique waves of the same amplitude, f= A¢z,)cos(k, z;) exp (ikz, —iw?)
and, as has already been pointed out above, obtained an explosive growth of amplitude
at the nonlinear stage.

In this paper we consider perturbations in the form of a single oblique wave and
examine some ways of violating the Squire theorem for obtaining an oblique
nonlinearity. It will be shown that there are at least two possibilities. One is due to the
streamwise evolution of perturbations. The point is that in this case the amplitude is
a function of z, (not s!), and we cannot reduce the spatial structure of a disturbance
to a (1.4) type (with dependence on s and z, only). The streamwise variation of
amplitude permits an oblique nonlinearity to manifest itself, and this leads to an
explosive growth, though slower than in the case of a pair of waves (cf. with (1.3);
a=0; £=12z): A~ (z2,,—2,)" "% Note that in the temporal evolution problem the
(oblique) disturbance remains two-dimensional and evolution is slow.

The other possibility is associated with the curvature of the shear layer. We shall
consider not a plane shear flow but an axisymmetric jet where the shear layer is
cylindrical. Owing to the non-equivalency of the axial and azimuthal directions, it is
impossible to totally eliminate the pole-type singularity in the perturbed velocity by a
rotation of axes, and the oblique nonlinearity is proportional to the curvature D = d/R
of the shear layer (here d is a typical layer width, R is the radius of its localization; the
limit D — 0 corresponds to a plane layer). Also in this case, however, even with a finite
curvature D = O(1), the nonlinearity for a helical disturbance (f = A(z) p{r)exp
{i(kz+m¢ — wt)}, where r, ¢, z are cylindrical coordinates) is weak compared with the
case of a pair of waves with azimuthal numbers + m and —m. This is because the main
nonlinearity in the evolution equation is ‘ produced’ inside the CL which is a very thin
layer and therefore turns out to be ‘quasi-planar’ even for D = O(1) and hence
produces ‘attenuated’ nonlinearity.

In this paper a study is made of the nonlinear spatial evolution of helical
disturbances of an axisymmetric jet, excited by an external source with frequency w and
azimuthal number m. Such a problem was realized, for example, in a series of
experiments reported by Cohen & Wygnanski (19874, b), who excited the jet by setting
a certain frequency and azimuthal asymmetry in the form of a pattern rotating in ¢ at
the origin of jet outflow (near the nozzle). We wish, however, to consider only some
theoretical questions, with no connection with experiment, to demonstrate the way in
which the two above-mentioned possibilities of obtaining an oblique nonlinearity are
realized in the case of a single-m helical wave.

T Note that the k-aligned component of the perturbed velocity in the neutral mode, F cos f+
¥V, sin g, turns out to be regular at the critical level, whereas ¥, and V| are indeed singular.
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The problem under consideration involves one more interesting result. Wu et al.
(1993), by examining the temporal evolution of a pair of oblique waves, showed that
in the regime of a viscous CL the evolution equation has a nonlinearity unusual for this
CL regime: instead of a local nonlinear term (as in the Landau—Stuart-Watson
equation), it contains a non-local (i.e. integral in the evolution variable) nonlinear term
with a ‘memory’t which in the case of a destabilizing sign leads to an explosive growth
of a disturbance, and in the case of a stabilizing sign it leads not simply to saturation
but to total damping of the perturbation. It will be shown that for a single oblique
(helical) wave the nonlinear term in the evolution equation in the regime of a viscous
CL also has an integral form, though somewhat different than in the case of a pair of
oblique waves.

The paper is organized as follows. In §2 we will give information about the linear
stability theory needed for the subsequent discussion, placing emphasis on the
properties of weakly supercritical disturbances. In §3 the derivation of the nonlinear
evolution equation (NEE) will be given, and in §4 an analysis will be made of the
properties of its solutions. The results obtained will be discussed in §5. The Appendix
is devoted to analysing the m = 0 mode and to taking into account effects associated
with the viscous broadening of an unperturbed flow.

2. Linear theory
2.1. The model

Let us introduce cylindrical coordinates r, ¢,z and consider an axial jet with
unperturbed velocity ¥, = w(r) which is maximal at the centre and gradually decreases
to zero toward the periphery:

w(r) = w(1—w(r)),
where W(r) is a monotonic function, such that w(r = 0) = — 1, W(r = c0) = 1. Quite a
number of model profiles for jets have been considered in the literature (see, for
example, Cohen & Wygnanski 1987 a and examples therein). We do not specify w(r),

but for illustrative purposes we will give, on occasion, results of calculations for the
model

w(r) = W[l _tanh (%m%o)]. @1

In the limit of small curvature (D - 0) we obtain, of course a plane shear flow. Our
notation is related to that usually used in the plane-critical-layer literature as follows:

r—R,—~y, Rp—>z, z—Xx;
v, >0, Vg W, U, U.

In view of this the model (2.1) in the limit D — 0 becomes the widely used plane layer
model

w(r
~§{) — 1—tanh(y/d), 2.2)
where d = DR, is the shear layer width.
+ Note that while evolution equations with a non-local nonlinearity are well known in the unsteady

CL regime, Wu et al. (1993) and Smith & Blennerhassett (1992) were the first to obtain such an
equation in the viscous CL regime.
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Now we shall justify studying weakly unstable modes or, equivalently, applying the
weakly nonlinear theory to a system having a wide (in the k-space) spectrum of
unstable modes with max,y, = O(1). This difficulty is extensively discussed in the
literature and there are some ways to overcome it (e.g. see Goldstein & Hultgren 1988).

We prefer to assume that a perturbation is produced by an external source which sets
a proper frequency w and azimuthal number m. We suppose also that the amplitude
of a perturbation generated in such a way is large enough to neglect more unstable
disturbances that could arise from (very-low-amplitude) noise and small enough to
obey the linear evolution equation near the source. This selected perturbation increases
downstream, and at some distance its evolution becomes nonlinear; this is the process
we are studying.

The Reynolds number Re = wd/v is large enough that viscosity only needs to be
taken into account inside the CL. The viscous broadening of the jet is assumed to be
slow enough and it will be neglected in the main body of the paper, although some
effects due to the broadening are considered in §5 and the Appendix.

In this paper we study the spatial nonlinear evolution, i.e. the dependence of the
perturbation amplitude on streamwise coordinate z. Because we shall do it in the
framework of a weakly nonlinear theory, we assume that the disturbance is a
weakly supercritical one, i.e. the frequency w is slightly less than a critical value
Wy lw—o,| € v, where w, depends on curvature D. Thus, in the case of a plane
flow (D —0) in the model (2.2) w,, = W/d, which corresponds to the critical Strouhal
number St,, = dw,, /W equal to unity.

2.2. Analysis of a neutral stability

Linear stability theory of an axisymmetric jet has been studied in sufficient detail (see,
for example, Michalke 1965, Cohen & Wygnanski 1987a): for a number of models the
dependence of growth rate on frequency was calculated at different m, eigenfunctions
were obtained, etc. Since we are interested in the case of weakly unstable disturbances,
it is necessary to know the neutral mode properties as well as the dependence of a
critical frequency and the longitudinal wavelength on curvature D at different m. Based
on this information one can assess, for example, the relative importance of the modes
at different D.

To solve the problem, we can use either the linear inviscid equation for perturbed

pressure
. AL 2w m?
rr (?+c—w>_(7+k2)p =% 23

with the boundary conditions p(0) =0 and p -0 as r— o0, or the equation for the
disturbance of the radial velocity component

L, 11 W —w'/r m?® e 2m? 1 , o1 w’
R R Vo Ao e St i
24

with the boundary conditions v, -0 as r - oo and |v,| < o as r—0. Here ¢ = w/k, and
the disturbance is taken in the form ~ exp{i(m¢ +kz — wt)}. Equations (2.3) and (2.4)
are, generally speaking, singular at r = r, (where w = ¢), and we need to consider the
solution inside the CL which matches the solution of (2.3)/(2.4) at r = r,—0 to one at
r = r,+0. In the linear theory there are only two types of CL — viscous and unsteady
—and they both provide the same way of extending the solution through r = r, — Lin’s
indentation rule: since w, < 0, the indentation should proceed from above (Im (r) > 0).
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FIGURE 1. Neutral curves of the modes m = 0, 1,2, 3 for the flow model (2.1): the dependence on the
curvature parameter D of (a) the critical Strouhal number St = wd/w; (b) the wavenumber of the
neutral mode g = kd; (c) the velocity ¢ of the neutral mode; (d) the position of critical level r,.

It is easy to show that real boundary conditions require that there is no logarithmic
contribution to expansions of the eigenfunctions (2.3) and (2.4) on the CL (see (2.15)),
which imposes the condition

" 2 2
(W—f—l)(ﬂ2+k2)+2;? 0. 2.5)

wc rC [4 c

Figures 1(a)-1(d) show the results of calculations of neutral curves using the model
(2.1) as well as phase velocities ¢ and position r, for four modes: m =0,1,2,3. The
qualitative properties of these curves appear to be the same for other similar jet velocity
profiles.

Figure 1(a) gives the D-dependences of the critical Strouhal number St = St#(D),
St = wd/w,d = R, D; the instability region of mode m lies under the respective curve.
Let us emphasize some properties of the neutral curves:

(1) In the case of a plane layer the critical Strouhal numbers for all modes coincide:
St,, =1 (see also Cohen & Wygnanski 1987 a).

(ii) With increasing parameter of curvature D, the region of unstable values of St
expands initially and then starts to decrease, becoming zero.
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(iii) For each of the modes m, there exists a maximum value of the parameter D at
which it can still be unstable. In the model (2.1) modes with m > 2 are stabilized
when D > 1/m.

(iv) Atsmall D the widest instability region corresponds to the mode m = 0; however,
with increasing D, the mode m =1 becomes dominant (i.e. its growth rate
becomes the largest one).

(v) For all helical modes (m + 0) we have r, ~ R, i.e. the CL is located in the middle
part of the shear layer.
Let us also give the results of analytic calculation of the neutral curves for the model

(2.1). On the right-hand edge (at small D):

St,=1+D—3a, D? g¢g=1—3a, D% (2.6)
Here qg=kd, a,=m*+1+n%/6—J=m*—0.2020,
0 L2
where J= f Zin@cosha) 4. _ 5 8470,
_w Cosh®z
One the left-hand edge (St < 1,4 < 1):
formz=2
St = q(1+Dq?), (mD)?=1—g*nDcot(nD); 2.7)
form=1
2 1
St=q(1+4¢%», D= 1+q2(ln(—]—C—§); (2.8)
and form =20
St=q(1+D), D=1-—¢* (Inz——C———;:). (2.9)

Here C = 0.577216 is the Euler constant.

2.3. Instability

By fixing D and slightly departing from the neutral curve towards the instability region,
i.e. assuming w = w,, —w, (v, > 0 always, except for m = 1 when D > 1, see figure 1a)
and k- k +k, and using the familiar procedure of perturbation theory, from (2.3) we
obtain

kih+w J =0, (2.10)

_2 ("W dada - *_$a
where Jl_E . (C_w)4rdr, h=cj—2k . (C_w)zrdr. (2.11)

The singularity in the integrals (2.11) is indented from above, and ¢,(r) is an
eigenfunction of the neutral mode of pressure, calibrated by the condition ¢,(r,) = 1.
Physically this means that we have chosen the amplitude of the disturbed pressure as

an amplitude of perturbation 4. The dispersion equation (2.10) can also be written as
a linear evolution equation. Assuming k, 4 >—idA4/dz we get

%H%(JI/JZ)A =0. 2.12)

The spatial growth rate of a disturbance is

v =—Im(k)) = 0, Im (4/ %) (2.13)
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FiGure 2. The dependene of (a) Im(J,/J,) and (b) Re(J,/J) on D form =1,2,3.

and a correction to the streamwise wavenumber is
Ak, = —w, Re (4, /). (2.14)

The quantities Im (J;/J,) and Re(J;/J,) are given in figures 2(a) and 2(b) respectively,
as functions of D for the model (2.1).

To conclude this Section, we give the Frobenius expansion of the eigenfunction of
the neutral mode of the pressure near the CL for the general case:

Go =1+ pE+68+ (k+oln|f)(E+al+..)+.... (2.15)
Here

4a=/f(k2+':'—;)+3-?§+2ﬂ(%+§%—%(%)2); (2.16)

-l

c c c

and the coefficient « can be determined only after solving the boundary-value problem
(we do not need its explicit value). As has been pointed out above, the boundary
conditions require o = 0 on the CL (cf. (2.5)).

3. Derivation of the nonlinear evolution equation
3.1. Scaling

Let us make all quantities dimensionless so that the shear layer width d = 1 and the
typical mean flow velocity w = 1. The dimensionless viscosity is the inverse Reynolds
number, and the dimensionless frequency w is the Strouhal number. Let ¢ and ux be
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small parameters, characterizing the disturbance amplitude, 4 = ¢4 (subsequently, the
tilde is omitted), and supercriticality, w, = u£2. To cover simultaneously the cases of
both unsteady and viscous CL regimes, we put v = gy in this case /, ~ I, (see (1.2)).
The relationship between x and ¢ is established in the course of subsequent iterations.
It is found that

€= pu*2 3.D

We introduce a ‘slow’ (evolution) coordinate { = uz and assume further that the
dependence of all functions on coordinates and time has the form

F=F{ Z;r), where Z=Z+%¢—-Ct+/¢l%.

The procedure for deriving the NEE has been reproduced in numerous publications;
therefore, here we give only a brief outline.

3.2. The outer problem

We omit the details of the derivation and give the inner asymptotic expansion of the

outer solution. In order to obtain it, it is sufficient to have equation (2.3) and

relationships relating the velocity components v,,v, and v, to the perturbed pressure:
1 p] m p, P w o p

v, =—= , Uy =— , U, = —— . 32

" ke—w’ " kre—w' 7 c—w ki(c—w)? (3-2)

Here v,,v,,v,,, p; are the fundamental harmonics (n = 1) of the velocity and pressure
perturbations:

f= 3 fuirQexp(nkZ), [, =1,

n=—ao

The overbar denotes complex conjugacy. Assuming w—w—uf2, k—k—iud/0¢ and
r—r,=puY, from (3.2) and (2.3) we obtain

Py =Py +pp + PP + PP + PP + ),

U, = 60 +pv® +p v§§’+ —) (3.3)
" vy = e oGV o+ ), =e(p WV +oP+..),
where
pP=4, p’=0, pP=4pY+C, Y, pP =AY’+C, 12| G4
PO = A@B+ak) Y +(CE +C,In|nY]) ¥*; J ‘
2
o = fA, )

c

1 (m? \d4 1 W 1
”g)=k2w;(_ﬁ"‘)dg+(k () g 1+ 00D
(3.5)

0@ =

CH Y+ L C, Yin Y]

k /

i W” w// 9 chn
+k—w; Y2{4(6+0u<)—§/< +2ﬂ{(2w) —6w;]}’ J
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y_ A1 m o, im 1

_ i -2
Vg = Tl T c(k )ZY lA
| | , (3.6)
@ _ 1+ m W, —1
O = kw,r, (r 2w;)A+0(Y )
1 m? i m? p
-1 _ m- —1 m 2
Va1 k*w, r? 4 +k(kw; 22 Y4,
: , 3.7
wy, _
9 = o ,A(2 ,k2~3K)+O(Y b,
Here we use the notation
- d
= a€+1.Q
3.8
P = a —+in(kw, Y+ Q2)— o oY
n =3¢ LRy
o 2ip, d4 m?> 1,
Cl——m—;lA, C lk‘az‘i‘l( 3K)m‘;'lA,
2‘ ﬁ ¥4 7 dA (3.9)
i (m? pw)
scu= o (=)

A = A({) is the dimensionless amplitude of the neutral mode of the pressure, p, =
A¢,(r) (see (2.15)), and T is a coefficient that has no jump on the CL. Generally
speaking, expansions of the zeroth and second harmonics should be added to the above
expansions, but since their matching with the asymptotic expansion of the inner
solution proceeds automatically and does not provide any new information, we omit
them.

3.3. The modified solvability condition

Now we complement (3.9) with a relationship for the coefficients C that are also
involved in the expansions (3.4) and (3.5):

d J 3 .

i ( d‘z +ia A) w’,; (Ct—C5 +inC)), (3.10)
[

which is called the modified solvability condition (MSC). By calculating the coefficients

Ci from the inner solution and substituting into (3.10), we obtain the evolution

equation.

In a linear approximation, when the CL is viscous or unsteady, the result is known:
C;—C; =—inC,, and we, of course, obtain the linear evolution equation (2.12)
derived previously by means of the Lin indentation rule. Nonlinearity makes an
additional contribution:

C:—C; =—inC,+(C{ —C3)y,» 3.11)

such that the desired nonlinear evolution equation takes the form

dd . 3
(d€+lQ A) —w',;(c;—C;)N. (.12)
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3.4. The inner problem

By denoting v, = eV, v, = eU,v, = w(r) +eW, and p = p,+¢P, we write the complete
system for nonlinear equations:

0 0 oP V 28 a Uad a U

ragb
(aa—z+ a)U-f—lig (AU U 222¢ (V§+Ua?b+Waa)U eg, (3.14)
(aa-f—waa)W-f—V +%I—J—-VAW— (Va+l—]5%+Wa)W (3.15)
%ﬁﬁigg W, (3.16)

where A = r 1(0/0r)(ro/0r)+r 2 0% /0 +0?/0z* is the Laplace operator.
In view of the scaling introduced in §3.1, we rewrite (3.13)—(3.16) by using the inner
variable Y (r—r, = pY) and retaining only terms needed subsequently:

Q VD
(ﬂ;—6>%/+(6+W;ﬂY+%W’/LZY2+§W’”/L3Y“)( +ﬂa'€/)+/f1Py

1 20U *V 1%V
_3) -2 Loag, cO0U OV 1OV
nu {/‘ VYY'*',.C/“ Vy 7 og + o022 +rf a¢2}

U Y)E)V oV 0 U?
—_ YV, +— W —_
B 6[.”’ d e (1 a¢ ( 2 agl/)] ¢ T ’ (3170)

Q \oU ). U, U\ 1P
(,u?~c>—; (c-f—wc,uY-i— W WY+ 3w )’3)( +u 2f)+r—a¢(l ,u%/)

Y ) U 12U 20V
—2 -1 Ay ouv 10U 20V
/4 UYY+ /" Uy (1 /“rc + 02 +r3 3¢ +r3 a¢}

g%
[_IVU U (l_ﬂY+ﬂ2)’2)gg+W(aU+ﬂ%l€_})]_ licV(l_ rl’) (3.17b)
)

(,u% c a—zuf+(c+w uY+3 WC,LLZY2+(15W",/L3Y3)(%———Z/ ©V€V)+E)P+ aalg
—qp { YY+ ,u W, (1—p9+6572/+713%¥}+ V(w;-f—,uw;' Y+w7;”,u2Y2)
=—6[ﬂ—1VWY+f_Z(1_'u{)%_I;_/+W(i)—z/+ﬂ§%)]’ (3.17¢)
/flVY-f—r—I:(l ,uf)+rl%( ,uri:+,u ?)4—%4—#6;; (3.17d)

As done in the outer problem, we represent all quantities as an expansion in terms of
harmonics
={F(& Y)exp(Z)+ (& Y)exp(AZ) +cc}+ F((L Y) (3.18)
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and, in accordance with (3.3), we will seek each of the harmonics in the form of an
expansion in a power series of u:

Po= PP +uPP+p PP+ PP+ PP+
N=VP+uP+ VP +..,

U, =p U7+ U +p U+

M=p WP+ W0+ WP+

the zeroth harmonic

(3.19)

Vo= e ViV +..),
Uy = e(u?US + 572U +..), (3.20)

W= e(u Wy +u W5 +..);
the second harmonic
U, =euU5®+...). (3.21)

We have written only those terms in the expansion which are important for subsequent
calculations. The jump C; — C;, appearing in the MSC (3.10) is involved at O(ex®) of
the expansions (3.4) and (3.5), and the main nonlinear contribution to it from the inner
solution is O(e’x®), and this gives the scaling (3.1): ¢ = x*’%. In the problem of a pair
of waves the nonlinearity is found to be stronger, ~ O(e*x %), which leads to the scaling
e = O(1®) (Goldstein & Choi 1989; Wu et al. 1993).

Subsequent calculations have a rather routine character; however, there is one new
factor associated with the contribution of the second harmonic. In plane unstratified
flows the second harmonic does not usually make contribution to the main nonlinearity
(see, for example, Goldstein & Leib 1989; Shukhman 1991), while in a stratified flow,
say, the second harmonic makes a contribution of the same order as that of the zeroth
harmonic (Churilov & Shukhman 1988). In our problem the nonlinearity caused by the
zeroth harmonic is attenuated by an ‘incomplete violation’ of the Squire theorem
whereas the relative role of the second harmonic is enhanced by the flow curvature, and
for these reasons they both contribute to the leading order of nonlinearity. Note that
in a plane limit this contribution of the second harmonic vanishes. Let us outline the
results of consecutive iterations.

3.4.1. The fundamental harmonic: P{¥
From (3.17a) at O(x™") we have

PY=0,
whence, in view of the matching to (3.4),
PO = A(Y). (3.22)

3.4.2. The fundamental harmonic: PP, U, WD p©®
From (3.17a) at O(1) we have P = 0, and matching to the outer solution gives

PP = (.
From (3.17b, ¢) at O(1) and from (3.17d) at O(x~") we have
LU = —ik, P, (3.23)
GWV+VOw, = —ikP®, (3.24)

Vi9-+ilk, UL +EWE) = 0. (.29
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Here ks = m/r,, and 2, is defined by (3.8). The procedure to be followed below will
also be repeated in the subsequent iterations. We multiply (3.23) by k, and (3.24) by
k, add them together, and substitute the result into (3.25). This yields

GV —ikw, V¥ = — (ki +k?) P. (3.26)
The solution matching to (3.5) is

0 _ _ 1 2 2 — 2iﬂ
o= pave (ki+k A= kw;A 3.27)
and from (3.25) we find that

kU + kWY = 0. (3.28)

Note that at this order the cylindricity has not yet manifested itself, and therefore the
Squire theorem is valid, which precisely implies the absence of a term with asymptotic
behaviour Y as | Y| oo in the velocity projection onto the wave vector (see (3.28)).

From (3.23) and (3.24) we have

U = ik, 27 AQ, WD = ey,

Here ,@;1 is an operator that is the inverse of . Let us give its explicit expression. If
F({, Y) satisfies the equation )
L& Y)=R(EY),

does not increase exponentially as Y4 0o and tends to zero as {—— oo, then

F&Y)=2,'RGY),
or in an explicit form

_[Pdx, (™ c V2 c . . , 8 e
K, Y)—j0 Tf_wdx(4m]x1) exp[—4 o Y- Y, —ignkw, x2/c?)

NX1
3
X exp { —g-(nkw;)z (fcl) —iﬁc’ﬁ (@ +kw, Y)} R(—x,Y) (3.29)
to yield
0 3 1
U, Y) = —ik, f gg—lexp{—g(kw;)z(%) —”71(0+kw; Y)} AC—x,). (3.30)
0
The asymptotic representation (3.30) as ¥ — oo is matched to (3.6).
3.4.3. The fundamental harmonic: P®, U, W9, y®
From (3.17a) at O(x) we find
i 7 2 —3) 7=
PR = m(k%kz) I4 +r—c(Ué,—3> UV + US» TTD), (3.31)

We write (3.31) as
i
kw,

(2)
Py =

(K2+Kk2) A+ (PR)y. (3.32)

Note that a nonlinear contribution (from the centrifugal term ~ U?/r in (3.174)) is
already present at this order.
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From (3.17b, ¢) at O(x) and (3.17d) at O(1) we find

FUP+w, Y UP oy PUC =S ypp = Lugn—pougy, (333)
WO 4w YL gW< D 4 Yo VD ! VO YV‘°’+1k((ii'g L VoW,
(3.34)
1) 1 0) 4 ; (0) Y (—1) : 0) 0 -1
V(1Y+r—V‘1 +ik, | U —-U +ik W +a—§W‘1 =0. (3.35)

These equations give U®, W® and V'{V. Note that nonlinear contributions are already
contained in U{” and W®; however, by virtue of the relationship for the zeroth
harmonics US™® and W{ ¥, analogous to (3.28) (which will be obtained below),

k,USTP+kW® =0, (3.36)

it turns out that ¥{¥ does not yet contain nonlinear contributions. At this order the
non-zero projection of velocity onto the wave vector has already appeared:
kU0 =i (Vv B yue i e, (337)
c c
Note that this projection is singular in terms of the outer solution (i.e. its asymptotic
expansion contains a term ~ Y~ as |Y|— oc) by virtue of the last term in (3.37). Its
origin is unassociated with taking the curvature into account but is wholly due to the
spatial statement of the problem: it is not present in the temporal problem.
By repeating for (3.33)-(3.35) the same procedure as in §3.4.2, we obtain the
equation for V{V:

. o 208 1, iky o
GV —ikn VP =~ D L= (k) -2 U,
and by differentiating it, we get
LV, = -2 uey. (3.39)

L‘

From (3.30) and (3.38), with the help of (3.29) we find

2 “dx, (®dx, (x S ox X, X+ X x,\?
. _“re2 N2 | o el 2 17271 72, (72
iy = kit | [T (2 e Fer| () e (]

xexp{ 1+ 5% (0 kw! Y)}A(C X,—x). (3.39)

For U and W{” we write
UP = UR+UR, WP = WO+ W, (340)
We need only the asymptotic representations of U® and W} for matching to
corresponding expansion terms in (3.6) and (3.7), and the nonlinear contributions U,

and Wy,. From (3.33), (3.34) and (3.39) one can see that matching is done automatically,
and for U, and W} we have

LUK ==VOUR, LW =-1P W (341)
and again k,UR+kWS = 0. (3.42)
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3.4.4. The fundamental harmonic: P®,UP, WP, V'

This is the last necessary order of the fundamental harmonic. The jump C; — C; will
be determined by matching V32 to (3.5). From (3.17 a) we find P{® that is automatically
matched to the respective order in (3.4). In the subsequent calculations we will have no
need of P® (or P{Y). From (3.17b, ¢) at O(x*) and from (3.17d) at O(x) we find
2UD = —w, Yéa— UD — 3w, YAUP —Sikw,! UL bl V* §U< )

. Y2 1 Y 1
ik, (@ +7P§°’)+77[;— vy~ LU —(k2+k;+ﬁ) U§‘”]+NU, (3.43)

G = — W, YL WO~ You, PP —Sikw!! FWED — b, Yoo WD

oL ag
—ikP® —w, VP —w, YV — 1w Y10
+77[rl ng;—gwg—;) (k2+k2 )W‘ 1’]+NW, (3.44)

o¢

Note that, in addition to nonlinear contributions N;, and Ny, the right-hand sides of
(3.43) and (3.44) already involve nonlinear contributions in the underlined terms. For
N, and N, we have

Ny =—VP U = VP Uy —ik, Us® UP — kWi UP —rl Vo ug?®, (3.46)

V§2,L+ - YV§°>+ik¢(Ug1) —rz U +rﬁ2 U§‘”)+ikW§” + Lo 0. (3.45)

c

Ny =—VO WEP — ViV WP —ik, Ur® WP —ik Wi wio, (3.47)
and ky Ny 4 KNy = — VO (k, US? +kW<D~2))—rlk¢ Yo Ue. (3.48)

From (3.43)-(3.45) and (3.48) we obtain the equation for V% :
GVEy =R+ Ry, (3.49)
Here
By = VO [(k¢ Ug,—2>+kwg-2>> +1, Ug}3’]—(k;+k2)(P§2)V .

YY c
i 0 (0) 0)
ks [z(YUlN———agW‘ . (3.50)

and we will not give here the unwieldy expression for %, because we need only its
asymptotic representation in the upper half-plane Y for matching to (3.5). As Y — oo,
from (3.49) we obtain

Vidy ~Q+SY (3.51)
21 3 W” W” 9 wm
h = — ___C_ _c¢ . [+
where 0 ol {4(8+ou<) 3w k+28 [(2%) 6w;]}’
(3.52)
3i
S = E;;-C4

(see (3.4) for C,).
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By comparing (3.52) with (3.5) and introducing ¥{? through the relationship V{® =
7® 41072 for the desired jump C} —C; we have

-C;) = f 72.,.dY. (3.53)

We split 7% into its linear and nonlinear parts: 7® = V® 4 2 where
LV yy = Ry, (3.54)

and Vﬁ 7 ~ 31C, Y7 /(kw,) as | Y| - co in the upper half-plane Y. Hence the contribution
from V to the integral (3.53) is —in{3iC,/(kw,)}, and we finally obtain

€y = —inCy—jikw; | (PR, aY. (3.55)
and (see (3.11))
(5=l = —tikw: | (Pray (3.56)

To complete the derivation of the nonlinear evolution equation (NEE), it only remains
for us to calculate a further number of contributions involved in % : W™, Ui™®,
(k, Uy +kW(®) as well as the contribution from the second harmonic U§ appearing
in P®, (see (3.31), (3.32)).

3.4.5. The zeroth harmonic: US®, W™, V5D
From (3.17b, ¢) at O(x7?), in view of (3.28) we have
LU =—(VOUP +cc); WD =—(VOWD +cc). (3.57)
Note that the relationship (3.36) used above follows herefrom. From (3.17d)

0 ky 0
o L -3) _

For U{® and W{?¥, from (3.57) and (3.58) we get

o ==ty 45 [0 () e o[ (2] +3(2) 2]

xexp[1—(.Q+kw Y)]A(g’ x,) A({—x,—x;)+cc., (3.59)

) (3.58)

WeD = —% U, (3.60)

Note that the asymptotic representation of the zeroth harmonic

USH ~ 5 (K2 +k2) Y* |4 (3.61)

(k o

is matched to the asymptotic representation of the zeroth harmonic of the outer
solution (not written here).
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3.4.6. The zeroth harmonic: U5 ?, Wi™®
From (3.17b, ¢) at O(x*) and (3.58) we find

Gk, USD+EWS D)y = — { Vo [(k¢W +EWD), +§é U§‘“] + c.c.}
c Y

0

Y s
kW g U (.62)
3.4.7. The second harmonic US®
From (3.17b) at O(u™?) we have
3?2 US® = — VO UGY (3.63)

to yield

. ©dx, (Cdx,x 7 x,\? B X Xy 2%+ X
(-3) — =1 2 — )2 z2 172772 7
U; 21ﬂk¢,f0 - J; . Cexp{ 3(kwc) [4(0) +(c) +3— 2 . ]}
X exp[—i—xl J’cz’% (Q+kw, Y)]A(g’—xz)A(g——xl——x2). (3.64)

3.5. Completion of the derivation of the NEE

By gathering together all nonlinear contributions, we write the expression (3.50) for Z

as
1

Ry = 2, A™, (3.65)

1

=

n

where

. 0
RV = 1V HD, L HY = k, wca—€ USSP

2) _ _ (0 g2 2 2) 0 1) .
R = —iV{" H®, 4 H __IV(I)V(IYYYY7

. - k -
RO = _iVOHO,  PH® =4S y0 T

c

R = —iy©® H, L HY = —l—r}é V§0)a§ Uy
[

. - 2
A0 = —iVPHO,  GHY =k, Uhy;

k,0
RO = (V0 UGH);

4

R = k W(Ui% YVs
RO = — (k4K (PR)y,0 = — (R + K (TS USD)y3

B = — (B +K) (PR)y o = =2 (K} +K) (VS TTD),.
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Here (P)y , and (P{)y , denote the contributions to (P{})y from the zeroth and
second harmonics, respectlvely All terms that do not make a contribution to the jump,
are included in #%. In accordance with (3.65), we calculate contributions to the
integral (3.56)

f (P2),,dY = 3 J™. (3.66)

n=1

By designating

T={lc, T,=x/c, A=nlkw)?, k¥=Kk*+k3, a=lki::q(k§k¢)2,
4

A = A€—x,), A,=A—x,—x,), A;=A—2x,—x,),

we write
Jm =_a%j dle dr, 741 —AT27,) E (1., 7,) A, Ay 4,
0
J(z) =—a——j dTlf deTlE(Tl,Tz)A A A3a
0
J® 4" ” 2 ]
= ar— d71 de Ty El(Tla 7'2)A1 Az Aaa
cvo 0
4 we [© * 2 °)\ 1
JY = —qg-¢ dTl deTlEl(TlaTz)AlAz Tins Ag,
cJ o or
2 a0 0
J® ——ar—/\ dTIJ dr, 787, Ex(7,,7,) A, 4, A,
o w; ) 0 . 0 _
JO =—qg-2| dr, | dr,7?E\(1,,1){71-](4,4,4),),
cJ, 0 or
JO = J©
2 [ © — n
J(B) = a‘;J dTIJ de A1 A2A3{71 E1(11511+12)J dTa E2(11’13)
cJO 0 0
+(1,+ 1) E\(1, + 75, TI)J dry Ey(7,+7,, 73)}’
0
J® = _a;Z_f dTlf dr, 72A1A2A—3E3(T1, Tz)jldTa Ey(1,,75 73).
cJo )} 0
Here

E\(x,y) = exp{—3A2x*+3x%)}, E,(x,y) = exp{—A(xy*—2x")},
Ey(x,y) = exp{—3A(x*+* +(x +»)°)}, (3.67)
E,(x,y,2) = exp{—A[3z* + 223y + 2x) + 2(2y* + 2xy)]}.
Note that the contributions J® and J® contain amplitude derivatives with respect
to 7. Their origin, as well as that of the contribution J%, is wholly associated with the
spatial formulation of the problem, while they are not present in the temporal problem.

These contributions remain in a plane model; the other contributions, however, are
due to the finite curvature and disappear as D 0.
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The contributions J and J® can be transformed to a form not containing
derivatives with respect to 7. To do so, note that

G - 0 G _
E(A1A2A3)+A1A 29r A ?(A1A2A3)'
1

On substituting (3.66) into (3.56) and subsequently into (3.12), we obtain the desired
NEE:

(dA+9 A) j dx, f d"w(’i} "Z)A(g ) A=, —x) A= 2%, —x,).

dg
(3.68)
The kernel A (7,,7,) is
H(1,,7,) = —2n(ki ky /W)
0
{[ (2/\ a/\+4> (3/\0—/\+4)] T3 E(1,,75)
2 4
+ py T BT, T 7)) | ATy Ey(Ty,7y)
4 L]
2 1
+ Py (1, +7,) Ey(1,+ 7, ) de E)1,+7,,73)
c 0
2 1
— r—72 Er,,1) | AT, E(1,,75,75)¢- (3.69)
¢ L]

4. Analysis of the evolution equation
4.1. Evolution in the regime of an unsteady CL

If the initial supercriticality is large enough, such that the spatial growth rate y, > »'/3,
one can expand (3.69) in powers of A < 1. On passing to ‘physical’ variables as well as,
for the sake of convenience, assuming x,+x,=§, x, = {0 and introducing the
amplitude B = 4 exp(—i(Ak, z), we obtain at the leading order the NEE

((ll—f—yL B=eYy [m dgg Jl o*do B(z—E) B(z—o&) Bz—(1+0)E), (4.1)
where ¥ =arg(/r)—m, N =2/l (2Kk2k,/w )2( "z ') 4.2)

Other terms in the expansion of (3.69) give only small corrections to (4.1) and can be
neglected. Let us emphasize once again the dual origin of the oblique nonlinearity:
both the finiteness of the curvature (the term ~ 2/r, in (4.2)) and the streamwise
variation of amplitude (the term ~ w,/c ~ 1/d) contribute to it, and both of these
contributions are of the same sign and are comparable to each other in the case of a
not too small curvature.

Equation (4.1) was obtained and investigated in detail by Goldstein & Leib (1989)
and Shukhman (1991), who solved quite different problems: the nonlinearity in
Goldstein & Leib (1989) was due to a pole-type singularity of a temperature
perturbation on the CL, while in Shukhman (1991) it was associated with a logarithmic
singularity of the neutral mode on the CL which arises in a two-dimensional problem
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FIGURE 3. The dependence of arg(J) on D form =1,2,3.

if the radiation condition at infinity (in y or in r) is imposed rather than one of
vanishing of perturbation (or if there are several CLs simultaneously). The character
of the disturbance evolution governed by (4.1) is defined by the only parameter, the
phase . A growth of amplitude B, after the nonlinearity threshold is reached (when
the nonlinear term becomes of order y; B, i.e. competitive)

B~ By=00" (4.3)
proceeds explosively:
B ~ (zg—2) /W), (4.4)

The dependence S(y) was investigated by Goldstein & Leib (1989) and Shukhman
(1991). When —in < ¢ < im this dependence is single-valued, and the asymptotic
representation of the solution of NEE (4.1) is indeed described by (4.4). When in <
I < m the function f(y) becomes two-valued. In view of the nonlinear character of
(4.1) the asymptotic behaviour of B(z) (as z— z,) is now described neither by (4.4), nor
by a sum of two terms of the form (4.4), but — as shown by the numerical calculations
of these authors — remains explosive as before.
In the model (2.1) as D—0:

J,=2in, J/r,=22+in), arg(J/r,) = arctan(3m) = 0.32m.

The dependence of arg(J,/r,) on D is calculated numerically and is presented in figure
3. One can see that (except for a small region for the mode m = 1) arg(J,/r,) varies
in the range from 0.32n as D0 to jn as D— 1/m, hence ¢ lies in the region —x <
¥ < —3m

4.2. The evolution in the regime of a viscous CL
4.2.1. NEE: local and non-local nonlinearity

Let us obtain the NEE in the regime of a viscous CL, y < v*/%, where y ~ A7*d4/dz
is a local spatial growth rate. Formally, this is achieved through an expansion in terms
of the small parameter A~'. At first glance, all ‘delays’ should be put equal to zero
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(because there is no ‘memory’ in the case of a ‘large’ viscosity), and all amplitudes
should be carried outside the integral sign. It is easy to perform the remaining
integrations, and we obtain a nonlinear term of the form ~ A4|A4|? A=*/3. This is actually
the main term of the expansion, but it can be small and go to zero at some values of
the parameters, so the next term then becomes important. Such a situation occurs in
our problem in the case of a small curvature. It appears that the next term of the
expansion is of O(43A™43(y/AV?)1/2), i.e. it contains — with respect to the main term —
a factor (y/v'®)V% = (I,/1)"* < 1 (see (1.2)). Contributions at this order are made only
by the first two of the four terms involved in the right-hand side of (3.69). The
exponents in them that depend on 7, and 7, are linear in 7, and therefore the 7,-
associated delay must be taken into account. The result is

(d/dz—2y)|A)* = 4nRe (r,/ L) (ki k;/wy)?

1/2
{ A= |A(z)|4+/\‘3/2(r3+;}c)(nc) |A(2)]?=— f d§C1/2|A(z—§)|2}, (4.5)

where A = v(kw/)?, and
I=(2/3)"*IQ® [g 57 FG,3.3, —-YH— 21/310], 4.6)

1 1
I,=373 f o(l—o) d(rj dpii—o(l—o)+oplic?p* +op(3—0)+2(1 - )]} 2.
0 0

Here F and I are, respectively, a hypergeometric function and a gamma-function.
Calculations yield I, = 0.05443 and I = 3.48350.

Thus, the nonlinear term in the regime of a viscous CL contains two contributions,
local and non-local. The local contribution is entirely due to the curvature of the shear
layer and vanishes as the curvature tends to zero. In this case the non-local term in (4.5)
becomes a leading one.

If the curvature is not small, i.e. D = O(1), the non-local nonlinearity is not
competitive compared with the local one, and we obtain the usual Landau-Stuart—
Watson equation with a stabilizing nonlinearity because Re(r,/J,) > 0 (see figure 3).
The amplitude reaches saturation at the level

sat ~ (?’ V4/3)1/2' (47)

4.2.2. The limit of a plane model
In the limiting case of a plane model the NEE has the form

2 o o0
PO sy acr—b, 0@ [ deg -0 @)
< 0
where b, = —n(nc)* (w,/c)Re(r /L) (ki k,/w,)" 4.9
Recently an analogous equation
dl4()P?

= 2y A + gl A f ? drlA( = 4.10)

0

ds

was obtained (Smith & Blennerhassett 1992; Wu er al. 1993) for the temporal evolution
of a disturbance in the form of a pair of oblique waves but with a somewhat different
structure of the non-local nonlinear term (cf. (4.8)). The origin of a non-local
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nonlinearity is associated with the dynamics of the intermediate region (connecting the
CL region with an external flow) where viscous and unsteady terms in the equations
become of the same order of magnitude.t The nonlinearity in (4.10), as demonstrated
by Wu et al. (1993), depending on the sign of g, leads to either an explosive growth of
a disturbance or its exponential decay.

A different picture is provided by NEE (4.8): irrespective of the sign of b,, it
describes the growth of a disturbance (in our problem b, > 0, but we shall consider
both signs). As b, > 0, after the disturbance reaches the nonlinearity threshold,

A=Ay~ (P, (4.11)

the exponential growth is replaced with a slower power-law one
AP % Sy, T2 ~ Oy, 120), @.12)
1

which proceeds in the ‘quasi-stationary’ regime (when the left-hand side of (4.8) is
much less than each of the terms in the right-hand side). If there is no stabilizing factor
whatsoever, the disturbance, by reaching amplitude 4 ~ »*®, moves into the regime of
a nonlinear CL.

As b, <0, the exponential growth, after reaching the threshold of nonlinearity
(4.11), is replaced with an explosive one. This a strongly unsteady process, to which
there corresponds a balance of the evolution (d/dz) and nonlinear terms in (4.8). We
find

1
_ '@ l13/2(z0—z)-1/2. (4.13)

jAJ? =
(2m)'"b,

The growth rate increases: y ~ O(4*/v®), and when y ~ v, i.e. as the amplitude
reaches 4 = O(»*®), there is a transition to the regime of an unsteady CL. We shall not
investigate the case b, <0 in more detail because in (4.8) b, > 0 (although the
multiplier (3/r,+w,/2c), involved in (4.5) does change its sign in the case of a rather
small curvature (D = 1/7 in the model (2.1)), the local stabilizing nonlinearity at such
D is already essential, and the explosive regime (4.13), described above, is not realized).

4.3. The picture of the evolution as a whole

Let us represent the evolution scenarios obtained on an amplitude—supercriticality
diagram. It is convenient to write the NEE (3.68) in a symbolic form

d4 I\ 4%
E—yLA=(—c1D—cz(7‘> )1—4; (4.14)

¢, and ¢, are coefficients of order unity, and / is the CL scale (either unsteady /, or
viscous /,, see (1.2)). This equation reproduces all the relevant properties of an exact
NEE (3.68) and would be quite sufficient for a qualitative analysis.

4.3.1. The evolution at D = 0(1)

A diagram for the case D = O(1) is given in figure 4. If supercriticality is small,
y. < V'3, the disturbance starts from the region of a viscous CL and does not leave it
throughout the evolution up to saturation at 4,,, ~ y/*v¥®. At larger supercriticality,

T Wu et al. (1993) have called this region the ‘diffusion layer’. But in critical-layer literature there
is already an analogous term: the layers near the ‘cat’s eyes’ boundary are called °diffusive layers’.
In view of this we prefer to use the term ‘intermediate region’.
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FIGURE 4. The amplitude—supercriticality diagram for the case D = O(1). The region of an unsteady
CL is shaded. Curve 1, threshold of nonlinearity for a viscous CL, it also represents the level of
saturation 4 = A4, ~ (y,v**)'2; curve 2, threshold of nonlinearity for an unsteady CL: 4 = 4, ~
%2, The vertical arrows indicate the various evolutionary stages:
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FIGURE 5. The amplitude—supercriticality diagram for the case »'® <« D < 1. The threshold of
nonlinearity is shown by a heavy line. Curve 3 corresponds to the level of saturation in the regime
of a viscous CL. The equations for the curves are: 1, A = A4, ~ (y, v)"*; 2, A=A, ~y¥*, 3, A =
A, ~ (y, v*3/ D)% The wavy arrow denotes a power-law growth: |4| ~ z'/4,

v, > v*3, the disturbance starts from the region of an unsteady CL and, by reaching
the threshold of nonlinearity (4.3), switches to the explosive regime |4| ~ (z,—z) /%
The growth rate grows fast, and the unsteady scale /, ~ y = 4%° always remains larger
than the nonlinear one, /,, ~ 42, such that the nonlinear CL regime is not realized.

4.3.2. The evolution at D < 1

In the case D < 1 the picture in the region of an unsteady CL remains unchanged.
However, in the region of small supercriticalities, y, < v'/®, the evolution appears
different. If D > v*/3, the local nonlinearity is capable of stabilizing the growth of the
disturbance in the regime of a viscous CL throughout the region 0 <y, < »'/® (see
figure 5). If, however, D < v'/3, in the range of supercriticalities D <y, < »*/® this
stabilizing effect turns out to be insufficient, and the evolution continues (at 4 > /%)
in the regime of a nonlinear CL. The transition to the regime of a nonlinear CL and
the subsequent evolution calls, generally speaking, for a separate analysis, but we will
try to predict the result qualitatively. It seems likely that after transition the amplitude
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would also grow with a power-like law but with a different power than in the regime
of a viscous CL (see (4.12)). We shall obtain the desired power from the following
considerations. In the regime of a nonlinear CL, rearrangement of the flow inside the
CL provides a reduction of the linear growth rate (see, for example, Huerre & Scott
1980; Churilov & Shukhman 1987): y, — (y, v/A**). On the other hand, the non-local
nonlinear term (see (4.8)) that has the order (y/v"/?)/21~*343 originates not from the
CL but from the intermediate region, and it seems to be unchanged. Therefore, a model
NEE has the form

d4 v Y2
dz

YLW_C2WA2)A‘ (415)

From the balance of the terms involved in the right-hand side we find y ~ v*y2 477,
which yields
A~ (o) 2V, (4.16)

This is a very slow growth, and it will necessarily stop by reaching a certain amplitude
if some stabilizing or dissipative factor is further taken into account. In §5 the influence
on the perturbation development of such a factor, a viscous broadening of the jet, is
discussed in detail.

5. Discussion

Thus, we have demonstrated that for y, > »'/? the oblique nonlinearity, even in the
case of a single wave, leads to an explosive growth, |4| ~ (z,—z)"%%, due to both the
finite curvature and the streamwise variation of amplitude. This growth continues up
to amplitudes 4 = O(1), where the weakly nonlinear theory becomes invalid.

In our reasoning it was implicitly assumed that the coefficient in the nonlinear term
(3.68), proportional to k3((k,d)* in a dimensional form), is of order unity. However,
if curvature D is small and azimuthal number # is not large, the oblique nonlinearity
is reduced by factor ~ (mD)?. Indeed, (k,d)* = (m/r,)* ~ (md/R)* = (mD)?. Therefore,
when (mD)* < 1 (and for a plane problem when (k, d)? < 11) taking into account the
two-dimensional nonlinearity becomes important. Let us analyse to what this would
lead. We begin with the region y, > v*/?. In the regime of an unsteady CL the evolution
equation can be written in a symbolic form

d4 A? A3
d_z=YL(1_C3y_i)A+C2(mD)27' 5.1
Here the term containing c¢; describes a two-dimensional nonlinearity (nonlinear
reducing of the growth rate, see, for example, Churilov & Shukhman 1987; see also
(5.4) and comments on it).

From (5.1) it is evident that oblique nonlinearity is important only if y, < (mD)>?. In
the case of a larger supercriticality, it is unimportant, and the evolution of quasi-two-
dimensional disturbances does not differ from the evolution of two-dimensional
disturbances. Figure 6 shows part of the amplitude-supercriticality diagram for quasi-

1 Note that in a plane problem the temporal evolution in the case of small &, d was treated by Wu
(1993) who considered a disturbance modulated in the spanwise direction, i.e. having a continuum
in the k, spectrum. In the case of an axial jet the discreteness of m does not admit such an approach.
Note that the NEE obtained by Wu (1993) in the regime of a viscous CL also has a non-local
nonlinearity but of a rather different structure.
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FIGURE 6. The amplitude-supercriticality diagram for quasi-two-dimensional disturbances (mD)? < 1.
Curve | (4 = A, ~ %) and curve 2 (4 = 4, ~ y¥*/(mD)) are thresholds of nonlinearity. The wavy

arrow denotes a power-law growth, 4 ~ z*®, while the wavy arrow labelled ? denotes a power-law
growth with an exponent that is not yet established.

two-dimensional disturbances for not too small (mD)?: v*® < (mD)® < 1 in the region
vy > V'3 If vy, > (mD)?, the disturbance grows exponentially to the nonlinearity
threshold 4 ~ 4, ~ 92 and then moves into the regime of a nonlinear CL while
continuing to grow as a power law, 4 ~ 22/ If, however, y, < (mD)?, the disturbance,
on reaching the level 4 ~ A, ~ y3/2/(mD), begins to grow explosively, 4 ~ (z,—z)~*2
However, although the growth rate increases

y ~ [(mD)* 4717, (5.2)

this increase is insufficiently fast for the regime of an unsteady CL to become self-
maintaining, i.e. in terms of weakly nonlinear theory (4 < 1) no transition to the
regime of a nonlinear CL would occur. Indeed, from (5.2) it follows that when

A ~ A* = (mD)* (5.3)

the nonlinear scale /, = AY® would exceed the unsteady scale /, =y, and the
disturbance would switch to the regime of a nonlinear CL. The transition to the regime
of a nonlinear CL from the explosive growth stage has not been studied previously and
calls for a separate consideration. In figure 6 the arrow corresponding to this stage is
labelled with a question-mark.

In the region y, < v'?, in addition to the two-dimensional nonlinearity, a further
effect, a viscous broadening of the flow, influences the evolution of quasi-two-
dimensional (mD < 1) disturbances. Goldstein & Hultgren (1988, hereinafter referred
to as GH), by considering an example of two-dimensional disturbances in a plane shear
flow, showed that such a broadening leads to a stabilization of the flow with respect
to a given disturbance at some distance z = z,, from the place of jet outflow. (Note that
z, depends on disturbance characteristics, in particular, on supercriticality.) As a result
of this stabilization, the disturbance reaches, when z = z,,, a maximum amplitude and
then decays until it completely disappears.

In the Appendix, for the case m = 0 (a good approximation for mD < 1), a NEE
(A 8)is derived which takes into account both a viscous broadening and curvature, and
permits us to consider the case mD < 1, y, <v'® in a self-consistent manner.
Moreover, equation (A 8) is valid not only in the regime of a nonlinear CL (like a
corresponding NEE in GH) but also in the regime of a viscous CL, as well as at the
stage of transition between them. Hence, it permits us to consider the whole evolution
of the perturbation, beginning from its early (linear) stage, and to generalize the results
reported by GH.
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For studying the evolution of quasi-two-dimensional disturbances on a slowly
broadening jet it is convenient to use a NEE (A 8) in the form (A 9):

dA
<= (#) (y,—ovz) A. (5.4)

This equation is the generalized (and corrected, see GH) NEE derived by Huerre &
Scott (1980). We see in it two physical effects which determine the perturbation
evolution. First, the linear growth rate decreases linearly in z due to a broadening.
Secondly, the nonlinear reduction of this growth rate (by factor @) takes place with an
increase of amplitude, as usual. The function @(s) can be calculated analytically for
s <1 and s> 1 (see Appendix):

bs, s<1

<1>(s)={1 s> 1

and numerically for arbitrary s > 0, and it is reasonably well approximated by the
simple formula

bs
T+bs

On substituting it into (5.4), we can get an analytic solution

b (A Ay =y, 2o, (5.5)
0

where 4, = A(0) is the initial amplitude. From (5.5) it is evident that the amplitude
reaches a maximum 4 = 4,,,, when z =z, =y, /(av),

D(s) =

In

Amaz 2 3/2 _ 43/2y — ’)’_i
In A, +§5(A,,m AV = o (5.6)
and then decreases to zero. It is easy to see that if z,, is less than the inverse growth rate,
vz', the dissipation starts almost immediately, following an insignificant growth in
amplitude. Therefore, when y, < v'/2, there is no cause for speaking of an instability,
so fast is the flow stabilized by a viscous broadening. It is interesting to note that an
amplification of the disturbance, 4,,,,/4, will also be insignificant when y, > v"/2if its
initial amplitude is sufficiently large: 4, > 7. In the intermediate case (y, > v'/,
A, < ¥¥®) the amplification is essential.

Figure 7 demonstrates the dependence of 4,,,, on 4, for y, > v'/% As long as the
initial amplitude is small enough, the coeflicient of amplification is constant and is
K, = exp (y2/(ov)}, and the entire disturbance evolution proceeds in the regime of a
viscous CL. When 4, K, > v*?, part of the disturbance evolution now proceeds in the
regime of a nonlinear CL, and the coefficient of amplification decreases with an
increase of this part. As a result, in the region y3*/K, < 4, < ¥¥®, 4,,,, almost does
not depend on A4,: A,,,, ~ ¥¥? (it is this region to which the results of GH pertain).
Finally, when 4, > y}® the amplification coefficient, as has already been pointed out,
is virtually unity.

We wish to note in conclusion that a viscous broadening of the flow, when mD <« 1,
is in a sense a fateful factor that does not permit the disturbance to reach an
amplitude of order unity. Indeed, it has been shown above that when (mD)* <€ 1, even
without taking the viscous broadening into account, the disturbance either is stabilized
at a low level or passes to the regime of a nonlinear CL. where its growth is heavily
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Fi1GUREe 7. The dependence of the maximum achievable amplitude 4,,,, on the initial amplitude 4,
for a disturbance that starts from the region of small supercriticality, v* <y, < v3, when the
viscous broadening of the unperturbed flow is taken into account.

retarded (becomes power-law). Owing to this, the broadening effect at any y, has time
to stop the perturbation growth at small amplitudes. The only case when the amplitude
reaches O(1) is an explosive development when mD = O(1) and vy, > v'/3.

We are grateful to Drs S.J. Cowley and X. Wu for making their manuscripts
available to us before publication. Besides that we would like to thank Referee A for
careful reading of manuscript and numerous helpful comments. Thanks are also due
to Mr V. G. Mikhalkovsky for his assistance in preparing the English version of the

paper.

Appendix. The nonlinear evolution equation for m =0
In view of the two-dimensional character of the problem, it is convenient to

introduce the stream function y:v, = —dy/dz, v, = Dy and to deal with one
equation:
~ ~ d -
SBvaw Ry (=)L L Gy -2 (LRp) =By, A
= (10 Q*F Q*F 26)2F 19
where AF—a—(—g;rF)+W+2 nas a§+ T GF = T rF.

Moreover, the solution of the problem is conveniently constructed in a real form. Thus,
at O(e) of the outer problem

UV =2BQ) r,(r)cosb, O =kz—wt—pw, t+ ().
Here i, is essentially an eigenfunction of equation (2.4) (for m = 0) so that
4, __ Weds
w,’ Vo= k*c—w)’

[+

B=

We wish to take two factors into account simultaneously: the transition to the
regime of a nonlinear CL and a viscous broadening of the flow. The transition is
realized when /, ~ [,,, which imposes the condition » = O(¢*?). A viscous broadening
of the external flow provides a contribution to the zeroth harmonic:

Oy = v Gu(r) + Vi Cuy (N + VT Puy(r) +
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where ) = @ ds(s;v )

(A2

(the explicit form of the other u,, is not needed for subsequent calculations). A variation
of the growth rate caused by the broadening, is 8y, ~ &, = O(vu*). The character
of the evolution will change substantially if 8y, ~ v, = O(w), i.e. g = O("'?). We get
the scaling

v=19e¥% pu=e" = 0@"?). (A 3)

Otherwise the procedure of constructing the outer solution is standard, and here we
give only its inner asymptotic representation (cf. (3.5)):

U+ g = 1€¥46u, + e(w, Y2+ 2B cos 6) + 5e**{u, Y + 6¥*(2a, BY cos 6
+72u,,)+ e g{(at cos 6+ b7 sin 6) {+1u! Y2
+e(w) +3w,/r}) Y*/24+ 20, Y2Bcos 0+ aP* cos 20+ 928, Y]
+e¥* ( nllaF cos 0+ b} sinb)a, Y+inlul Y3+ 9°Cu,,

W, cd@ cdB .
+2{;—VZ§[(C1_EC1_§)BCOSG kde —sin 0]

+[ cc ¢Bcos Ow'Y — (-‘Z—+;2-)]} Yin (V4 Y|) +b* Y>+...,

r

where r—r,=¢e?Y, = %f dss(w—c), ¢, = —%, f.=Ar),

Te

o =— (43 o 1wm+3'<+3+k—2
1T\ TR RT3 e 2’

as well as a new MSC:

+_p = —2(c, 40 cdB ]
b*—b = 2[((’1 kdg)Bcosﬁ kdgsmﬁ

—4k (((1:112 sing+ d(Z Bcos 0) 1,-29¢l, Becos O, (A4)

where L= Py f:o (ME;V _M;)/gr) yardr, L= rch:O yardr,
o e

The inner solution is also constructed in the usual fashion. Namely, the function
¥ = (y+y,) e is represented as an expansion

Y = VAPO0) L ) 4 (VAP | (123) | SAPW L PO L SAPE® 4 (A5
The MSC (A 4) is reduced to a system of two evolution equations

(kI 2k1)c(1112 de(Ssmﬁ) (A 6a)

(%11—21(12) g~ @h+l) B= de(Scosﬁ), (A 6b)
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R i
where fd Y. = 2l lim de do(..), S=¥yy.
_R —

R—0

The main contribution to the right-hand sides of (A 6a4) and (A 6b) is made by the
term O(¢**) of the expansion (A 5). For § = ¥, —y¢w! Y we have the equation

Y;S +2kBsin ‘S
~ " @ . .
= 9Syy— e [ci-gcosﬁ—k(c k— ig)Bsmﬁ]—Zow;ﬂngsmﬁ,
Liwl 2wl wl
where p=; WAl
[ c'c

from which we find the quantities involved in the right-hand sides of (A 64, b):

de(b’sinﬂ):—{;g(c 232)+ gp} ®,(A) B,

- Cwm W; 1/2
de<Scos 0> = T 2(A) = (2—;7)375%

A7
where the functions

&) = f dy (g, sind), B,(N) = dey (8,05 0)

and g; and g, satisfy the equation

0? 0 d\(g, sin @
) [ R W

Of practical interest are the asymptotic expansions of @, and @,:

B CA+ 01y, A<l
P = {—n+a1 AL O0T3), A>1,
_ C, A7 +0(), A<
sz(/\) - {—n——al /\—4/3+ O(/\_S/a), A > 1’

where

C=8n{ f dx[ gx) 2n(21x)1/2] n\1/2} ~5.52; O(x)= [2(1+x)]1/2E[(r2x)1/2J,

64
C, = —%(IZWLIZ.) ~—2.72;

_ [ _d4 : K A
= [ S0 B 20 - K@ ~ 034;

[ [P —DE@—(1— K@
f M By~ (1= Kig)
a, = @Y I'Q ~ 1.6057;

~0.77;
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E(g) and K(g) are complete elliptic integrals.

The function @, was introduced by Haberman (1972); subsequently, it has been
calculated by many authors. The function @, (in limiting cases A » 1 and A < 1) was
calculated by Shukhman (1989), and in the limit A € 1 by GH. Upon substituting (A 7)
into (A 64, b) and dropping @, we get a NEE in the form

dB ¢ A " "
ar - A 21‘}/&2[29—77\( p 2k12—£11 +'Cif213 B, (A8)
d¢ HQRA) | w;, k kw?®
2 VA
where HQ) = (2k12—£11) + (%) @,(2) D,(N).

For illustration, it is convenient to cast (A 8) in terms of ‘physical’ variables: 4 =
€B, z = e'/2:
dA y I, A>»1
EE-—QD(W)@L—UVZ)A, (p(A)“{bA, As 1. (A9)

A connection of the function @ with @, and @,, and also an explicit expression for
constant b are readily obtained from (A 8); they are not given here because they are
too unwieldy.
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